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On Efficient Capital Accumulation
in a Multi-Sector Neoclassical

Model

TAPAN MITRA
University of Illinois

1. INTRODUCTION

The problems of characterizing efficient infinite programmes, and in particular efficient
competitive programmes, have been much discussed in the literature (for a complete list
of references, the interested reader should consult Cass [1], [2] and Majumdar [5]). For
the standard neoclassical model with one producible good and a more general model with
many capital goods and one consumption good, the fundamental result of Cass provides
us with an easily applicable criterion for testing the efficiency of competitive programmes,
viz. a competitive programme is efficient iff the terms of trade of the consumption good do
not deteriorate too fast.

The present exercise can be thought of as a continuation of his work, and aims at
deriving a complete characterization of efficient programmes in the neoclassical model of
Dorfman-Samuelson-Solow [3]. The appropriate differentiability and curvature assump-
tions are imposed directly on the technology, and no restriction is imposed on the nature or
number of consumption goods.

A difficulty that one faces, initially, in the many consumption good case is the following:
““ the terms of trade of which good should we use in formulating our criterion? > The
answer is that we could use any good, by concentrating on competitive programmes.
For the rates of transformation of consumption on all “ processes ” are equal along a
competitive programme, and this would mean (for ¢ interior * programmes) that the terms
of trade of one good deteriorate too fast along a competitive programme iff the terms of
trade of every good deteriorate too fast. Now, with appropriate adaptation of the argu-
ments in Cass, a criterion analogous to his result can be derived—mnamely, an interior
programme is efficient if and only if it is competitive and the terms of trade of none of the
goods deteriorate too fast.

It should be noted that the result obtained here is qualitatively different from the
transversality condition criterion obtained by Majumdar [5], for the simple linear model,
with many consumption goods. The transversality condition criterion does not apply to
our framework, just as our condition does not apply to the linear framework.

2. THE MODEL

Consider an economy in which there are m producible goods. The technology does not
change over time and is described by a setZ in the non-negative orthant of R*™—a pair
(x,y)isin 7 iff it is possible to get the output vector y in period (¢ + 1) from an input vector x
in period z.

We denote the (m—1) vectors (3, ..., y*~1) and (x?, ..., x"~!) by *y and *x respec-
tively. For any two n-vectors, # and v, u = v means u' > v’ forall i =1, ..., n; u>v
means ¥ = vand u # v; u»vmeans u'>viforalli=1, .., n
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424 REVIEW OF ECONOMIC STUDIES

The following assumptions are made on 7 :

Al. 7 ={x,):0=)y" =< f(* ) x)}, where f(*) is a non-negative real-valued function
on the non-negative orthant of R*™~1, such that it is twice continuously differentiable for
(*y, x)>0.

A2, ffoyi<Ofori=1,2,....,m—1; of/ox'>0fori = 1,2, ..., m when the derivatives
are evaluated at any (*y, x)>0.

A3, f() is strictly concave in its (2m—1) arguments and the matrix of second-order
partial derivatives of f() is negative definite when evaluated at (*y, x)>0.

It should be understood that f(-) gives the maximum value of the output of the mth
good, given the values of its arguments.

We define a feasible programme from x as a sequence (x, ¥, ¢) = (X;, Vs+1, Cs+1) Such
that xo = X, i1 =f(*prar, X) forall £ 2 15 ¢y = Ypo1— X410, ADd Xy Prags G40 2 0
forallz = 0.

We next assume

Ad. There exists a scalar K>0, such that for any feasible programme from x,
xi yi. K, forallt 20andi=1, .., m (K depends only on x.)

This is traditionally either assumed in the literature (cf. McKenzie [4]), or proved by
starting from a technology set, including labour as an essential primary factor for production
(growing exponentially), and establishing the boundedness property on a normalized
technology set (cf. Peleg and Ryder [6]).

A feasible programme (X, 7, ¢) from x is short-run efficient if there is no other feasible
programme (x, y, ¢) from x, such that (¢y, ..., ¢, Xp)>(Ey, ..., Cp, Xp) for some T = 1.
1t is long-run efficient if there is no other feasible programme (x, y, ¢) from x with ¢, = ¢,
for all t = 1, ¢,>¢, for some ¢.

It is immediate, in our framework that a long-run efficient programme is necessarily
short-run efficient. However, the converse is not true, i.e. a feasible programme such that
every finite segment is efficient need not be long-run efficient. For a detailed discussion of
these two concepts, see Cass [2].

We shall be restricting our characterization (in the next section) to programmes which
are “ interior ”’, i.e. which are bounded away from zero in all input levels. Formally, a
feasible programme (x, y, ¢) from x is interior if there exists a scalar k>0 such that x} > k,
forallt =2 0,andi= 1,2, ...,m

Associated with an interior programme (X, 7, ¢) is a uniquely defined current and
discounted price system. Denote

f’?’l = Of(*Frr1, X)[0x%, i=1, ...y m; JiiF' = 0f *Fru1, X0y, i=1,...,m—=1; 20
=T f5, @t = LM (—fs) fori=1,..,m—-1,t=22,ands=1,..,t-1,
ﬁ‘1= 1, @h=1i=1,..,m
The current price sequence (§) = (g,) is defined by:
gr=1land gi=—fhfori=1,..,m—1¢ 2 Dgo=Ff5 fori=1,..,m
The discounted price sequence (p) = (p,) is defined by:
=gim fori=1...,m, t=0.
An interior programme (x, y, ¢) is competitive if it satisfies for ¢ = 1
—fh=REt i=1, .., m ..(2.1)
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MITRA EFFICIENT CAPITAL ACCUMULATION 425

It is easy to see that for an interior programme (X, y, ¢) which is competitive,

m=ari=1,..,m—1,t=0
and the programme satisfies

Pr+1Ve+1— DXy Z Per1y— D%, forall(x,y)eg fort=0. .(2.2)
To see this, use the concavity of f(-) to write

m—1 m
O" =715 1) S, X)=fFFrr1, X) '21 f;?l(yl"‘)_’;ﬂ)‘l' '21 f;fl(xl_ﬁ)-
i= i=

For t = 0, then, we have p;(y—71) <Po(x—Xo)-
For ¢t = 1, using (2.1), we have
m—1 m
O" =) — '21 f;“()"—yh 1) éf;,jl izl (—fyti)(xl—i‘;),
= =
and noting that
ﬁ: = ﬁ;”l = 19 sees m_ls l—’t+1(y_.)-)t+1) é ﬁt(x_"—ct)'
Therefore, for all # = 0, (2.2) holds.
For the interior programme (%, j, ¢), the ratio (p}/p}) is to be interpreted as the terms
of trade, from period 1 to period ¢z, for good i. The terms of trade for good i along the
programme are said to deteriorate too fast if the discounted price system (p) satisfies

,21 (Pi/P}) < 0. ..(23)

3. A COMPLETE CHARACTERIZATION OF EFFICIENCY

We can now state our result. Detailed proofs will be given in the next section. Only the
basic steps in the proof will be given here.

Theorem 3.1. Under assumptions (A.1)-(A.4), an interior programme (X, y, ¢) from X,
is long-run efficient if and only if (i) it is competitive and (ii) the terms of trade of none of the
goods deteriorate too fast.

Proof. (Sufficiency) Suppose (X, J, ¢) is an interior programme, and it satisfies (i)
and (ii) above, but is long-run inefficient. Then

Step 1. There exists a t* > 1, a scalar 4, and (a) a sequence (6,) such that (1)0 <8, < 4
and (2) 0,,,>f:0, hold for ¢t = t*: (b) a sequence (e,) such that (1) O<a, < 4 and

(2) 1 = (Fim+o)a, hold for all # = #*.
It follows from Step 1 that

Step 2. The terms of trade of the mth good deteriorate too fast. This contradicts
condition (ii), and establishes sufficiency.

(Necessity) Suppose (X, y, ¢) is an interior programme which is long-run efficient.
Then we can show that

Step 3. 1Tt is competitive. This establishes condition (i).
To establish (ii), suppose it is violated. Then we can show that

Step 4. There is a sequence (f,), such that
() 0<p,<xt" (b) Brss Z (Fim+B,)B, hold for all £ = 1.
1t follows from Step 4 that

Step 5. We can construct a feasible programme (x, y, ¢) which dominates (X, , ¢),
i.e. which has ¢, = ¢, for all ¢, ¢,>¢, for some ¢. This contradiction establishes (ii), and
hence necessity.
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426 REVIEW OF ECONOMIC STUDIES

4, PROOFS
(Sufficiency) Step 1 (a). Note that there exists a feasible programme (x', ', ¢’) such that

t=20,i=1, ..., m. Construct the programme (x, y, c¢) as follows: x,=1X,+1x;;
(X y+1) € such that y,, 1 235,01 +3V(415 Ca1 = Yewr—Xesq for £2 0. By (A1),
(%, y, c) is feasible. Also, ¢,,1 = 4G41+%c/4q fOr t 20, 50 ¢,y q = €44 for all £ 2 0,

Ci41>Cyyq for some ¢. Finally, x! 2 k/2>0fort = 0,i=1, ..., m.

petitive, (2.2) holds. Using this property, for any ¢ = 0, we have

Z D5 1(Co1—Cst1) S Pr41(Xer1—Xpsy), fors =0, ..., ¢
and for ¢ = ¢’ (since p = (P,) satisfies p;>0 for s = 0), P, 1(X;+1—X:41) = £>0. Also,

since (X, y, €) is interior and competitive, 7l = 7", t =0,i=1, ..., m—1. So
qt+1(xt+1_xt+1) g ‘:7_'5;">0

fort = t. Thusfort=t, X,41 # X,+1. S0, by using the strict concavity of f(-) (in the
steps used to prove (2.2)) we have p, i V,4.1—DX:>Pri1Ver1— DX for t = t'+1. So,

Pra1Fis1—%e41) = Pra1Fra1—Cu )= Pra 11— Cs1)

= Drs1(Fre1—Vew1) F Pra1(Coa 1—Cr 1) > DX, — X,)
fort = t'+1, or,
Gor 1(Xp 41— X0 DT 1 > Gl(Xe — X)) TFS
s0 that g,y (Xps1—%Xe+1)>FimG (X, —x,) for t = '+1. Define g/(X,—x,) = 0,. Since

bounded above, and there exists a scalar 4>0, such that 0, < §,x, < A. Defining
t* = t'+1, conditions (1) and (2) of Step 1 (a) hold for all ¢ = ¢*.

Step 1 (b). For all ¢t =¢+1 in Step 1 (a), we have, by Taylor’s expansion,

0,1 = fin0,+30Q,, where Q, stands for the quadratic form R,D,R,,
R, = (*Vre1— V141, X,—x,) and D, = (—f;;l)

The tilde (~) denotes that the second-order partial derivatives are evaluated at some point
between (*7,4 1, X,) and (*y,4 1, x,). Then, by Step 1 (a), we have (0, ; —f0,)/0? = Q,/0? >0,
for all £ = ¢'+1 = t*. We claim that there exists a scalar u>0, such that Q,/6? = u for
allz > t*. Suppose this is not true. Then there exists a subsequence f,, such that Q, /62 —0
as t;—»00. Consider the sequence of vectors (e,,) given by (Jy,+1, Ve, + 15 Xe,» X1, Us,), Where
v,, denotes the vector of v’s which determine the point at which (f;,) is calculated in each
case. Clearly (e,) lies in a bounded region. So, it has a convergent subsequence, call it Z
again, such that e, converges to e. Note that since both programmes are interior with a
lower bound of k/2, so (ft,) is always evaluated at some (%, ) such that &', j° = /2 for
i =1, ...,m. By continuity of the partial derivatives, D, converges to D, and D is positive
definitive. Let B, = (*3,41—*Ves1» X:—x,)/0,. Clearly Q,/0? = B:D,f,. We shall now
show that 8, »0. Rename #,as T. Itis clear that if f; is unbounded so is f7Drfr. Since
By Dpfr—0, By must be bounded, and have a convergent subsequence (call it 7, now),
such that B —B. Since Qr /07, = pr,Drfr,, so taking limits on both sides, we have
0 = p'Dp, so that § = 0, since D is positive definite. Since this is true of any convergent
subsequence of f7, so f;—0 as T— 0.

Now, along the subsequence T, let z; = max; | Xp—x% | i=1, ..., m. Then z; must
equal | X4 — x4 | an infinite number of times, for some j in the set (1, 2, ..., m). Call such
a subsequence 7,. Then since fr—0, so fy —0. So, given any £>0, there exists a T*,
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MITRA  EFFICIENT CAPITAL ACCUMULATION 427

such that for T, = T*, (| ¥}, —x%, D/(| r,(Xr,—xr,)[)<e. This implies that
| X§, — x4, |<e | x4, —xf, |(Zgk,) fori=1, ..., m.

Also, 2,34 is uniformly bounded above for all T, by a scalar M. So choosing ¢ = 1/M, we
have a contradiction, establishing our claim of a lower bound >0, such that Q,/0? = u
for all ¢+ = t*. Let i = min(l, p/2) and let «, = if,. Then we have a sequence («,)
satisfying conditions (1') and (2") of Step 1 (b), for all ¢ = #*.

Step 2. Follow the method of Cass [1, p. 219].

(Necessity) Step 3. (X, 7, ¢) is long-run efficient, hence, short-run efficient. For each
T, T=2, (X, y, ¢) solves the following non-linear programming problem: maximize
S(* V141, X7) subject to €;q = Cuq, t =0, ..., T—1, among all feasible programmes
(x, y, ¢) from x. To apply the Kuhn-Tucker theorem, we check that the constraint qualifi-
cation is satisfied, i.e. there is a feasible programme for which each constraint holds with
a strict inequality.

Since (X, y, ¢) is interior, k £ X}, yi,; <K,t=0,i=1,...,m. For ¢, such that
0 <t<T, since from X, output y,., is producible, so the output $,.,, given by
*Pop1 = *Prr1, and 0<Pi <y 4, is also producible, by (A.2). Also y,.,>0 is pro-
ducible from %,, where *%, = *X, and %" = X"—e¢,, where 0<g,<k/2. By taking a suitable
convex combination (0<4,<1), from X, = [*X,, X;"—A.¢,], we can produce y,,, given by
*Pea1 = [*Per1+*041] (Where *,,,>>0), and 77, ;>0. Let 6, = Ag,, and 6 = min J,
for0<¢t=T.

Since f, is continuous on [k/2, K], so there exists M>0, such that f,. < M, for
K = (x%, y") = k/2 for all i. Now, let po = 0, g, = min[6/2M)" "%, 1],t =1, ..., T, and
construct the required programme (x, y, ¢) as follows:

Xo=x,and fort=0, .., T—1,
Ver1 = U¥Teets T —Mea1]s Xer1 = [FFor1r X% 1— 201 1]
and
Corr = D¥Ca1+*Mea1s ChrFher1]s (Kex1s Yer1s €41 =(0,0,0) fort = T.
To check feasibility, note that
(a) (xt+19 Ve+1s ct+1)>>0 t= 09"" T-1
() V41 =Xp1tcyq t=0,..,T—1
© (xp y+D€T t=0,..,T-1
To see this, note that since y, £ 6 < J, = A8, 50 f(*y,4+1, x)>0 and
SCVes1> X)—f* Va1, %) =f~atc: 1(_2ﬂt)> _[5(2M)ﬂt]/[(2M)T_t] Z — i1
So, :
SCVes1s X)>F*Per1s X)—Mer1 = Vir1— M1 = Vir1-
It is clear that the constraints are satisfied with strict inequality, since c,4,> ¢+, for
t=0,..,T-1
Now, applying the Kuhn-Tucker theorem, we know that (X, y, ¢) must maximize the
Lagrangean, L(*) = f(*J1+1, X1) +Zifs41(Ci+1—Cs4q) for £ =0, ..., T—1 and for some

choice of multipliers p,,; = (ulsq, ..., £ ). Since (X, ¥, ©) is interior, the necessary
conditions of a maximum are:

OL/ox™ = pu, Fidt 4+ u™(—1) = 0; OL[oxi = pityy fir '+ [+f6]=0 i=1,..,m—1
(fort=1,..,T-1)
OLjox% = I 4+ um(—1) = 0; OL/oxh = fE+ +uf[+fF]1=0.
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428 REVIEW OF ECONOMIC STUDIES
Since the Lagrange multipliers are all seen to be positive from the above equations, we get

the conditions:
Yt = — ] fort=1,.., T

Now, suppose the competitive conditions (2.2) are violated for some ¢ = t = 1. Choose T,
in the above exercise, to be +1. We get an immediate contradiction. This establishes the
competitive conditions (2.2) for all # = 1.

Step 4. The terms of trade of some good deteriorates too fast. So, using the result of
Step 3, and noting that, for the interior programme (%, 7, ¢), §: (i = 1, ..., m) is uniformly
bounded above and bounded away from zero, we have that the terms of trade of good m
must deteriorate too fast. Now follow the method of Cass [1, p. 220].

Step 5. First, we note that there exists a >0 (independent of ¢), and an output level
y" >0, such that yJ ; = f(*3,+1, *X,, X;"—0) forall = 1. Since from X,, output y,, is
producible, so the output 9, given by *§,, >*y,,, and 0< P, ; <, , is also producible
(by (A.2)). Also, J,+,>0is producible from %,, given by *%, = *X, and X" = X" —¢,, where
0<e,<k[2. By taking a suitable convex combination, from X, = (*x,, X;'—A.¢,), one can
produce y,.1, given by *J.41 = *P,1+1, and 7., >0. Let J, = sup 4,6, such that the
above construction is valid. This establishes a J, for each . We want a §>0, uniform for
all ¢ = 1, such that the construction is valid. Suppose there is no such 6. Then there exists
a subsequence #, such that 6, 0. Note that we have y , -/, = =f.(—5). And, Tim
is bounded above by a scalar N. So for d,, < k/2N, we have y7',; = k/2. But then we
could apply the original procedure to (%,, jr.,), and get 7y, >0, such that from

X;, = (¥X,,, Xf.—0,,—7,,) one can produce y, ,; = (*3,,+1, Vrr+1), Where yii,,>0. This
would contradict the fact that 5, = sup 4, &, and establish the uniform 6.

Now, we can construct a dommatmg programme as follows. Consider the sequence

(%) such that x* = X"—B,/2, *£, = *%,. Then%i=k/2,i=1, ..., m, forall¢ = 0. Now,
( —f.mxm) i continuous on the pos1t1ve orthant, so it is bounded above by a scalar B, if it
is evaluated at any convex combination of (X, *¥,.,) and (%,, *y,.+1). Since (X, 7, €) is
interior, there exists a 6 >0 (established above) satisfying

y;”+1>03 and yt’f”+1 =f(*}_"t+19 *xta 55;”_5)

for all t = 1. Choose A = min (1/2, B/2, §/K) and consider the programme (x, y, ¢) such
that *x, = *X,, x;' = X' —Af, forallz = 1,and *c; = *¢,, cf = ¢T+4By, ¢, = ¢, for allz = 2.

We claim that this programme is feasible. First, note that it is feasible for # = 1.
We shall show that if it is feasible upto 7, then it is feasible upto T+1. For period T,
using the fact that A < §/K, we have x7 = ¥#—45. By construction of J, there exists an
output y%,,>0, such that y7 ., = f(*J741, *X1, Xg— ). Now, suppose that

VT+1<Ir+1+ABr41.
Then we have

MBri1 <fCFrs1> XD)—f*Fr415 *Ep, F— A1) < MsimPr-
This implies that (B4, —frmBr)/B%<0. Also, note that
Br+1=FmB)IBE—(Brs1—FamBr)IBF = (fom—FdBr = (—Fomem)A<BA < 3.
But since (8741 —fBr)/B% = 1, so we have the contradiction
3 =1—3 < (Br+1—FBr)If7<0.

This proves that y%.; = 57, —ABr4+1. Thus the programme is feasible upto T+ 1. This
completes the induction step, and shows that (x, y, ¢) is feasible. Also, by construction,
(x, y, ¢) dominates (%, 7, ¢).
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First version received July 1975; final version accepted February 1976 (Eds.).

I am deeply indebted to Professor Lionel McKenzie for his comments on an earlier version. I have
also greatly benefited from discussions with Mr A. Bose, Professor W. A. Brock, Mr S. Dasgupta and
Professor J. Friedman, and from a referee’s comments.
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